MATH 20D Spring 2023 Lecture 6.

Intergrating Factors, Mixing, and Cooling
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0 Integrating Factors

e Applications of First Order ODE’s
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Announcements

@ The first MATLAB assignment is due this Friday at 11:59pm.
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@ You must fill out the Commencement of Academic Activity Survey
which is available via the Quizzes tab in Canvas. Please do this is as
soon as possible, but no later than Friday this week.
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@ You must fill out the Commencement of Academic Activity Survey
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soon as possible, but no later than Friday this week.

@ Sections CO3 and C04 are running in a remote format, please let me
know if you're concerned about overcrowding in your discussion.
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Announcements

@ The first MATLAB assignment is due this Friday at 11:59pm.

@ You must fill out the Commencement of Academic Activity Survey
which is available via the Quizzes tab in Canvas. Please do this is as
soon as possible, but no later than Friday this week.

@ Sections CO3 and C04 are running in a remote format, please let me
know if you're concerned about overcrowding in your discussion.

@ You will be give a table of standard integrals for your midterms and
final exam.
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@ Integrating Factors

e Applications of First Order ODE’s
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Last Time

Example
Find the general solution to the ODE

1

O +5(0) = ¢ (1)

via the method of integrating factors.
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Last Time

Example
Find the general solution to the ODE

1

Ey’(t) +y(t) =€ (1)

via the method of integrating factors.

Step 1: Rewrite the the ODE (1) in the form

V(1) + 2y =2e". (2)
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Last Time

Example
Find the general solution to the ODE

1

Ey’(t) +y(t) =€ (1)

via the method of integrating factors.

Step 1: Rewrite the the ODE (1) in the form

V(1) +2y=2e". 2)
Step 2: Multiply both sides of (2) by the integrating factor

u(r) = exp <J 2dt> =¥

to obtain ¢*y/ (1) + 2¢*y(t) = 2¢'. So %(eZ’y(z‘)) = 2¢.
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Last Time

Example
Find the general solution to the ODE

1

Ey’(t) +y(t) =€ (1)

via the method of integrating factors.

Step 1: Rewrite the the ODE (1) in the form

V(1) +2y=2e". 2)
Step 2: Multiply both sides of (2) by the integrating factor

u(r) = exp <J 2dt> =¥

to obtain ¢*y/ (1) + 2¢*y(t) = 2¢'. So %(ezly(t)) = 2¢.
Step 3: Integrate and multiply by e~ to obtain the

y: R >R, y(t) =2e" + Ce™?
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More Integrating Factors

Example
Let 0 < m < 1 be constant. Show the general solution to the ODE

dy mcos(x)

dx m = 1— msin(x)

can be expressed in the form

y:R->R, y()= C+J\/1—m2sm x)dx).

1 —|—msm

where C is a constant. )
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Mixing Problems

Example
@ Initially a tank contains 180 litres of solution which is 10% nitric acid
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Mixing Problems

Example
@ Initially a tank contains 180 litres of solution which is 10% nitric acid

@ Attime r = 0 a nitric acid solution begins to flow into the tank at a
constant rate of 6L/min.
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Mixing Problems

Example
@ Initially a tank contains 180 litres of solution which is 10% nitric acid

@ Attime r = 0 a nitric acid solution begins to flow into the tank at a
constant rate of 6L/min.

@ The solution entering the tank is 20% nitric acid.
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Mixing Problems

Example
@ Initially a tank contains 180 litres of solution which is 10% nitric acid

@ Attime r = 0 a nitric acid solution begins to flow into the tank at a
constant rate of 6L/min.
@ The solution entering the tank is 20% nitric acid.

@ The solution inside the tank is kept well stirred and flows out of the
tank at a rate of 6L/min.
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Mixing Problems

Example
@ Initially a tank contains 180 litres of solution which is 10% nitric acid
@ Attime r = 0 a nitric acid solution begins to flow into the tank at a
constant rate of 6L/min.
@ The solution entering the tank is 20% nitric acid.
@ The solution inside the tank is kept well stirred and flows out of the
tank at a rate of 6L/min.
(a) Determine the volume of nitric acid in the tank after 10 minutes.
Express your answer to the nearest 0.01L
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@ Initially a tank contains 180 litres of solution which is 10% nitric acid
@ Attime r = 0 a nitric acid solution begins to flow into the tank at a
constant rate of 6L/min.
@ The solution entering the tank is 20% nitric acid.
@ The solution inside the tank is kept well stirred and flows out of the
tank at a rate of 6L/min.
(a) Determine the volume of nitric acid in the tank after 10 minutes.
Express your answer to the nearest 0.01L

@ After 10 minutes a gushing leak develops and the rate of outflow from
the tank increases to 12L/min
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Mixing Problems

Example
@ Initially a tank contains 180 litres of solution which is 10% nitric acid
@ Attime r = 0 a nitric acid solution begins to flow into the tank at a
constant rate of 6L/min.
@ The solution entering the tank is 20% nitric acid.
@ The solution inside the tank is kept well stirred and flows out of the
tank at a rate of 6L/min.

(a) Determine the volume of nitric acid in the tank after 10 minutes.
Express your answer to the nearest 0.01L

@ After 10 minutes a gushing leak develops and the rate of outflow from
the tank increases to 12L/min

(b) Determine the volume of nitric acid in the tank after 10 minutes after
the leak develops. Express your answer to the nearest 0.01L
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Solution

Part (a)

The general solution to the ODE has the form
N =36 — Ae™"/*®

substituting N(0) = 180 - -5 = 18 we find that A = 18. Hence N(10) = 23.1024.

Part (b)

The differential equation takes the form
dN 2N
— =1.2
ar T30-1

The integrating factor is then given by

2dt
u(t) = exp (J 30 = t> = exp(—21log|30 — ¢|) = exp(log |30 — 7] 7?)

So u(t) = (30 — 1)~ 2 for all t < 30.
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